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Abstract. We prove that for every separately twice differentiable function 
/ : R 2 — > R with that f^' x = /" there exist twice differentiable functions 
<p, ip : R — > R such that f(x, y) = ip(x + y) + tp(x — y). 



1. Introduction 

Let / :Ix7->Zbca mapping defined on a product 1x7 and valued in Z. 
For any x £ X and y G Y we define mappings : Y — s* Z and / a : X — > Z by the 
equalities: f x {y) = f y {x) = f(x,y). We say that a mapping f separately has P for 
some property P of mappings (continuity, differentiability, twice differentiability, 
etc.) if for any x £ X and y G Y the mappings f x and /y have P. 

R. Baire in the fifth section of his PhD thesis [1] raised a problem of solving 
differential equations with partial derivatives under minimal requirements, that 
is, a problem of solving a differential equation in the class of functions satisfied 
strictly necessary conditions for the existence of expressions which are contained in 
this equation. He proved that a jointly continuous separately differentiable function 
/ : R 2 — > M is a solution of the equation 

ox ay 

if and only if there exists a differentiable function ip : K — s> R such that f(x,y) = 
ip(x — y) for any x,y G R. In connection with this R. Baire naturally raised the 
following question. 

Question 1.1. [TJ p. 118] Let f : R 2 — > R be a separately differentiable solution of 
(1). Does there exist a differentiable function ip : R — > R such that f(x, y) = ip(x—y) 
for any ijel? 

Note that a similar result to Baire's one was independently obtained in [3], where 
Question 1 1.1 1 was formulated too. 

During last 100 years differential equations with partial derivatives were studied 
intensively by many mathematicians. Their investigations lead to the appearance 
of the theory of partial differential equations, the basic notion of which is the notion 
of generalized function. Note that the generalized functions do not give an immedi- 
ate possibility to solve differential equations with partial derivatives in the classes 
of separately differentiable functions or separately twice differentiable functions, 
which is tightly connected with the fact that the partial derivative of a separately 
differentiable function can be locally non-integrable on a set of a positive measure. 
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Therefore, an application of the method of generalized functions to solving differ- 
ential equations with partial derivatives in the classes of separately differentiable 
functions leads to the following question. Is it true that a generalized function 
generated by a bounded separately continuous solution of some equation is also a 
solution of the same equation? 

The following argument shows that this question in general case has a negative 
answer. It is well known that u xy — u" for every generalized function u. It is 
easy to construct an example of a function / : R 2 — > R which everywhere has 
mixed derivatives which are different at some point (i.e., f(x,y) — xy ^ +y i , if 
x 2 + y 2 > 0, and /(0, 0) = 0). Since two almost everywhere equal functions on R 2 
generate the same generalized function, it is natural to assume that f" a =' f' for 
every function / : R 2 — > R which everywhere has mixed derivatives of the second 
order. In particular, the equality f xy a =' f yx was obtained in [5] for every function 
/ : R 2 — >■ R which everywhere has all partial derivatives of the second order. But 
for an arbitrary function / : R 2 — > R this assertion is not true. G.Tolstov in [10] 
constructed two functions F, G : [0, l] 2 — > R which satisfy the following conditions: 

a) F has everywhere mixed derivatives F xy and F yx , but F xy — F yx = \e, where 
E is a set of a positive measure and xe is the characteristic function of E; 

a.e. 

b) G has almost everywhere mixed derivatives G" y and G yx , but G xy ^ G" on 
[0,1] 2 - 

Thus F and G generate generalized solutions of the equation u xy = u yx but 
fail to be classical solutions of this equation. On the other hand, F is a bounded 
classical solution of the equation u xy — u yx = xe which has no generalized solutions. 

In [6l [2j [5] properties of solutions of the equation 

du du 

^•%=°' (2) 

were studied. It was obtained that separately continuous solution of (2) depends 
at most on one variable. 

A technique from pQ was developed in [7]. It was established that Qucstion ll.il 
has a positive answer, which implies the following result. 

Theorem 1.2. [7J Theorem 6.2] Let a function f : R 2 — »■ R has all partial deriva- 
tives of the second order and 

CAP) = fyyiP) ^d ^»=/;» 

for every pel 2 . Then there exist twice differentiable functions <p,tp : R — >■ R such 
that 

f(x, y) = ip(x + y)+ 4>(x - y) 

for every x, y £ R. 

In connection with this the following question on solutions of the equation of 
string oscillation 

d 2 u d 2 



= _Jf ( 3 ) 

dx 2 dy 2 ' { ' 



arises naturally. 
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Question 1.3. Question 6.3] Let a function f : R 2 — >• R has partial derivatives 
fxx an d fyy and 

fxxip) = fyyiP) 

for every p G R 2 . Do there exist twice differentiate functions ip, ip : K — > R such 
that 

f(x, y) = <p(x + y)+ i>{x - y) 

for every x,y G R? 

In this paper we develop methods from [TJ [7J, and introduce and investigate 

(2) (2) 

auxiliary functions X\ and A 2 , generated by a twice differentiable function. Us- 
ing these functions we establish some properties of separately twice differentiable 
functions and in Theorem 16.31 shall give a positive answer to Question 11.31 



(2) (2) 

2. Auxiliary functions A;, and A} ; 

(2) 

Firstly we introduce an auxiliary function A 2 which is generated by the second 
order divided difference, and investigate its properties. 
Let / : R — > R be a function. Denote 

r f\p, s) = r f\ Xl ,x 2 ,s) = M^ + HMl/W 

1 1 S{X2 — XI — S) 

for every p = (xt, X2) G R, x\ < X2, and s G (0, X2 — xi). 

(2) (2) 

It is easy to see that r j (xi, x 2 , s) = r, [x\, x 2 , x 2 — xi — s). Thus it is sufficient 

(2) 

to study the properties of the function rj '(x\,X2,s) for s G (0, X2 ~ Xl ]. 

Note that r^ (x,y, s) — 2a for any function /(x) = ax 2 + 6x + c and every 

(2) (2) (2) 

admissible x,y,s G R. Besides, = r„ + for every functions u, u : R — > R. 

(2) 

For every e > and x G R denote by A 2 (e, /, x) the set of all 5 G (0, 1] such 
that 

\rf (p',s>)-rf(p",s")\<e 

for every p' — (x' l7 x 2 ),p" = (x'{, x 2 ) G (x — 6, x) x (x, x + <5) and s' G (0, x 2 — x[), 
s" G (0,4' -.x'/)- 

The function A 2 2) (e, /) : R -> R is defined by 

v( 2 )^ n/^ - J su P A 2 2) ( £ >i»; if A 2 2) (e,/,x) 7^ 0; 



A 2 ^(e,/)(x) 



0, if A 2 2) (e,/,x) =0. 



Proposition 2.1. Lei / : R — > R fee a function twice differentiable at a point 
x g R and e > 0. TTien A 2 2) (e, /)(x ) > 0. 

Proof. Note that it is sufficient to consider the case when xo — 0. 

Consider the function g(x) = f(x) - /(0) - f'(0)x - i/"(0)x 2 . Since g'(0) = 

g"(0) = 0, there exists 8 G (0, 1] such that \ < § for every < |r| < (5. Take any 
xi G (-5,0), x 2 G (0,5) and s G (0, 2^-]. T Note that i = (x 2 - xi) - s > 
Taking into account that x\ < < X2, we obtain that |x| < X2 — xi for every 
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x G (x\,x 2 ). Therefore f < 2. Now we have 

9(xi) - g(xi + s) - g(x 2 - s) + g(x 2 ) 



\r^(xi,x 2 ,s) 



s(x 2 - Xi - s) 
g'(x 1 +e 1 s)-g'(x 2 -e 2 s) 



< 



x\ + 0\s 



t 



t 

g'( Xl + 9 V s) 



x\ + 9\s 



+ 



< 

x 2 - 2 s 



t 



g'(x 2 - 2 s) 



x 2 - Q 2 s 



< 



< 2- + 2- = -, 

" 8 8 2' 



where 0i,0 2 G (0, 1) are chosen by Lagrange Theorem. Therefore for every p' = 
(4,4),p" = K',4') G (-(5,0) x (0,5) and s' G (0,4 - x[), s" G (0,4' - x'{) we 
have 

\rf{p',s')-rf\p",s")\ = \rf\p',s')-rf\p",s")\ < 



K 2 \p',s')\ + \rW(p",s")\< J + J=e. 



Thus S G A^ 2) (e,/,0) and A( 2 ) (e, / )(0) > 5 > 0. 



□ 



Remark 2.2. Note that lim ry 1 (x\, x 2 , s) — - ^^-f/ 3 ^ for every function 



f differ entiable at points X\ and x 2 . For such function f put (x\,x 2 ,0) — 
rf\x 1 ,x 2 ,x 2 - xi) = i {X xlZ f x } Xl) ■ Besides, f"(x ) = lim r ( , 2) (xi, x 2 , s) for a 

1 1 1 xi— >x a — 1 

X2— >Xo+0 

(2) 

function f twice differ entiable at point xo . Therefore it is natural to put r ^ (xo , xo , 0) = 
/"(xo). This implies that for a function f which is differentiable on R and twice 
differ entiable at x G R in the definition of the set (e, f, x ) we can put p' = 
(x' 1 ,x' 2 ),p" = {x'{,x 2 ) G (x-5,x] x [x,x + S), s' G [0,4-4] and s" G [0,4'-4']- 

The following proposition gives joint properties of A 2 2 ^ . 

Proposition 2.3. Let Y be a topological space, f : R x Y — > R be a function 
continuous with respect to y and e > 0. Then the function g : R x Y — > R, 
g(x, y) = X 2 2 \e, f y ){x), is jointly upper semicontinuous. 

Proof. Let x G R, yo G Y, 7 = g(xo,yo) and 77 > 0. If 7 + 77 > 1, then g(x,y) < 
1 < 7 + T) for every (x, y) G R x Y. 

Consider the case when j+rj < 1. Then(5 = 7+^ < 1. Since sup A 2 2 \s, f yo , Xo) = 

(2) 

g(xo,yo) = 7 < <*o, So & A 2 '(e,f Vo ,x ), i.e. there exist p = (x 1 ,x 2 ),p = 
(x'{,x 2 ) G (x - S ,x ) x (x ,x + S ) and s' G (0,4 - x[), s" G (0,4 _ 4') 
such that 

\rfy,s')-rfl(p",s")\>e. 

Since / is continuous with respect to y, the function ip(y) — r^\p' , s') —r^p (p" , s") 
is continuous. Therefore there exists a neighborhood V of yo in Y such that 



|rgW)-rgVV')l>e 
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for every y G V. Put p = min{a;o — x[, xq — x", x' 2 — xq, x 2 — xo, §} > 0, U = (xq — 
p, xq + p) and 5\ = 7+ Now we have x'i, x" G (x — 81, x) and x' 2 , x% G (x, x + 81) 

(2) 

for every x G U. Therefore 8 t £ A y 2 '(e,f y ,x) for every x G U and y G V. Thus 

(2) 

^2 ( £ > fv x ) — (0' £0 an d 5(^1 2/) — ^1 < 7 + 7 7 f° r ever Y x £ U and i/eV. 

Hence 5 is upper semicontinuous at (£0,2/0). D 
Now we introduce a function A^ which gives for a twice differentiable function 

a possibility to estimate the exactness of approximation of derivative by the first 

order divided difference. 

Let / : R — > R be a function. Denote 

/ n / \ f( X l) ~ f( X 2) 

r f(P) = rf{xi,x 2 ) = — — 

for every p — {xx,x 2 ) G R 2 , x\ ^ £2- For every e > and a; G R denote by 
3 (e, /, a;) the set of all <5 G (0, 1] such that 

Mp') - r,(p")| < e ■ max{|x^ |4' - x'lW 

for every = (x' 1} x 2 ),p" = (x'{,x 2 ) G (a; — 8,x) x (a;, a; + 5) with x' x + x' 2 = x" + x 2 . 
The function A^e, /) : R -4 K is defined by 

.(3), . v supA? ) (e,/,x), if A< 2) ( £ ,/,z) ^ 0; 



0, if A?\sJ,x) =0. 



Proposition 2.4. Le£ / : R — > R fee a fwice differentiable at xo G R function and 
e > 0. TTien Af ^e, /)(at ) > 0. 

Proof. Consider the function g(x) = f(x)—f(xo)~f'(xo)(x—XQ) — ^f"(xQ)(x—xo) 2 . 
Since g'(xo) = g"(xo) — 0, g(a;) = o((x — x ) 2 ). Hence there exists 5 G (0, 1] such 
that \g(x + t)\ < §£ 2 for every < \t\ < S. Note that rf(xi,x 2 ) = f'(xo) + 
\f" (xq){x2 + x\ — 2xq) + r g (xi, x 2 ) for arbitrary distinct x\,x 2 G R. Now for every 
p' = (x'i,x 2 ),p" = {x'l, x 2 ) G (xq — S, xq) x (xq, xq + S) with x[ + x' 2 = x'{ + x 2 we 
have 

M) ~ r f (p")\ = Ir^) - r s (^)l < ^ + ^ + J^L + < 

X 2 — Xq Xq — X\ X 2 — Xq Xq — X\ 
-((Xj - Xq) + (xq — x'f) + {x' 2 ~ Xq) + (x — x[)) < E ■ max{|x 2 - x[\, \x 2 - x"\}. 

Thus 6 G A* 2) (£,/,a;o) and X^(e, f)(x ) > 8 > 0. □ 

Proposition 2.5. Let f : R — > R be a differentiable at xq G R function, e > and 
< \s\ < \?\s,f)(x ). Then \ f^+s)-f( Xo -s) _ fM < 2£s ^ 

Proof. Note that it is sufficient to prove this proposition for s > 0. Let < t < s. 

(2) 

Since there exists 8 G A^ (e, f, xq) with 8 > s, 

\rf(xo — s,x + s) — rf(x —t,x +t)\ < 2 es. 
It remains to take into account that limr/(xo — t,XQ + t) = f'{xo). □ 

The following proposition can be proved by analogy with Proposition 
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Proposition 2.6. Let Y be a topological space, f : R x Y — > K be a continuous 
with respect to y function and e > 0. Then the function g : M x Y — > M, g{x,y) — 
( £ j fy)( x ), * s jointly upper semicontinuous. 

Proof. Let x G E, yo £ Y, 7 = g(xo,yo) an d ?7 > 0. If 7 + 77 > 1, then g(x,y) < 
1 < 7 + n for every (x, jjelxF. 

Consider the case when 7 + 77 < 1. 5q = 7 + ^ < 1. Since sup ; (^, / yo , x ) = 

9{x ,yo) = 7 < ^o, <5o ^ ; (e,/ yo ,x ), i.e. there exist p' = (a^a^.p' = 
(x'{, x 2 ) £ (xo — <5o, a;o) x (xo, xo + So) such that cej + x' 2 = x'[ + x 2 and 

\ r f yo (pO - r / H0 (p")I > £ ' max-{>2 - a;i|, (a^ - x"\}. 

Since / is continuous with respect to y, the function ip(y) = Tf (p 1 ) — ff v (p") is 
continuous. Therefore there exists a neighborhood V of yo in Y such that 

MP') ~ r/,(p")l > ^ • nmx{|4 - |a£ - 

for every y <E V. Put p = min{xo — x' 1 ,X( S — x'[,x' 2 — x 0l x 2 — Xo, ^} > 0, U = 

2n 

3 



(xo — /O, xo + p) 6\ = 7 + -<p. Then x'^x" g (x — <$i,x) and x^x^' g (x,x + Si) 

(2) 

for every x £ U. Thus <5i '(e,f y ,x) for every x £ U and y S V. Hence 



A\ '(e, f y , x) C (0, <5i) and g(x, y) < <5i < 7 + 77 for every x £ U and j/eF. 

Thus 5 is jointly upper semicontinuous at (xo,yo). D 

3. Separately twice differentiable pointwise changeable functions 

In this section we give an answer to Question ll.3l in the case of continuous partial 
derivatives f' x and f . 

Proposition 3.1. Let f : K — > R be a twice differentiable at Xq function, e > 
and S = min-fAj (s, f)(xo), \% (e, f)(xo)}- Then 

I rl I \ f(x) - f(x ) . 1 ,„, w m ^ 5 1 1 

/ {x ) + -/ (x )(x - x ) < -e\x - x | 

x — xo 2 2 

for every x £ (x — 8, xo) U (x , x + S). 

Proof. Note that it is sufficient to consider the case of x £ (xo, x + 8). 

(2) 1 

Put t — x — xo- Since < t < X 2 (e, f)(xo), taking into account Remark l2.2l we 
have 

|/"(x ) -rfixa -t,x + t,t)\ < e. 

Besides, note that 

rf (x -t,x + t, t) = 2 /( " + t) ' /(Xo) - /(X0 + t) - /( "°' t) . 



Thus, 



1 in 1 \ O f( x o + t)- f(x ) f(x +t) - f(x -t) 

|/ (x ) - 2 - 2 + - 2 1 < e. 



t 2 \ 

On the other hand, the inequality < t < X\ (e,f)(xo) and Proposition 12.5 
imply 

, /(x + £)-/(x -t) f(x ) 

r 2 < 4e. 

1 t 2 t 1 - 

Now we have 
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x — xo 2 2 t z 

fM I x n f(xQ +t) - f(x ) f( X Q + t) - f(x Q - t) 

< -(|/ (xo) - 2 T2 + - 2 1 + 

{2 fM /(x +t)-/(xo-t) |) < t (£ + 4£) = 5 £]x 



□ 



Let (X, | • — ■ |x) and (Y, \ ■ — ■ |y) be metric spaces. A mapping / : X —> Y 
satisfies Lipschitz condition with a constant C > if \f(x) — f{y)\y < C\x — y\x 
for any x, y G X. A mapping / : X — > 1" is called pointwise changeable if for every 
e > the union G e of all open nonempty sets G C X such that f\a satisfies the 
Lipschitz condition with the constant e is an everywhere dense set. 

Theorem 3.2. Let f : R 2 — > R be a separately twice differentiable function such 
that f xx (p) = fyyip) for every p 6 R 2 . Then the function g : R 2 -)• R, 9 = f' x - f yl 
is pointwise changeable on every nonempty subset E of arbitrary line y = x + c, and 
the function h : R 2 — > R, h = f x + f , is pointwise changeable on every nonempty 
subset E of arbitrary line y = —x + c. 

Proof. Note that it ia sufficient to consider the case of closed set E and c = 0. 

Let e > and £7 C {(x, x) : x G R} be a closed set. According to Proposition ^. II 
Proposition 12.31 Proposition 12.41 and Proposition 12.61 the functions X\ (s,f x )(y), 
X 2 2 \e, f x )(y), \ f\e, f y )(x) and X 2 2 \e 1 f y ){x) are strictly positive and jointly upper 
semicontinuous. Therefore there exist S > and an open in E set G such that 
\u— v\ < S for every (u, u), {v, v) 6 G and the functions (e, f x ){y), A| (e, f x )(y), 
\?\eJ y )( X ), X^(sJ y )(x) are > <5 on G. 

Let (u,u), (v,v) E G, u < v and s = w — n. According to Proposition 13. 11 there 
exist cti, ot2, ct3, a.& S (— |e, |e) such that 

= -f xx (u,u)s + a lS , 

s 2 

t ii \ f(u,v) - f(u,u) 1 „ 

u) = 2^^' a2S ' 

tit \ f( u , v ) ~ f(v,v) I ,„ . w > 

/x(«. u ) = — 2^^' V ^" S ' ) + a3S ' 

fy{v,v) = — 2 f yy {v,v){-s)+a 4 s. 

Then we have 

\g(u,u) -g(v,v)\ = \f x (u, u) - f y (u, u) - f x (v, v) + f y {v, v)\ = 

\ai — 012 — a>3 + a^\s < 10e s. 
By analogy we can prove the pointwise changeability of the function h = f' x + 
fy " □ 
We need the following result from [7] . 



s 



T. BANAKH, V. MYKHAYLYUK 



Proposition 3.3. 7, Theorem 3.2] Let X CM. be a nonempty interval, (Y, | • — • \y) 
be a metric space, f : X — > Y be a continuous pointwise changeable on every closed 
set mapping. Then f is a constant. 

The following theorem will be proved using the idea of the proof of Theorem 4.3 
from [7]. 

Theorem 3.4. Let f : R 2 — > R be a separately twice differentiable function such 
that f xx (p) = fy y (p) for every pel 2 , and assume that the function g : R 2 — > R, 
g = f' x — f y , is jointly continuous. Then there exist continuously differentiable 
functions p : R — > R and ip : R — > R such that f{x, y) = p(x — y) + tp(x + y) for 
every x, y E M. 

Proof. Theorem 13. 21 and Proposition 13 .31 imply that the function g is a constant on 
every line y = x + c, i.e. g(x, y) = a(x — y). The joint continuity of g implies the 
continuity of the function a : R — > R. 

Choose a differentiable function p : R — > R such that p'(x) — ^a(x) for every 
x £ R and put h(x, y) — f{x, y) — ip(x — y). Then for every we have 

K(x,y)-h' y (x,y) = f x {x,y)-\a{x-y)-f' y (x,y)-\a(x-y) = g(x,y)-a(x-y) = 0. 

Thus according to Corollary] there exists a continuous ip : R — > R such that 
h(x,y) = ip(x + y), i.e. f(x,y) — ip(x — y) + ip(x + y) for every x,y S R. Since 
4>(x) = f(x, 0) — <p(x), -0 is a continuously differentiable function. □ 

Note that a similar result can be analogously proved under the assumption of 
continuity of the function f' x + f' y . It can be derived from Theorem 13.41 using the 
substitution of variables x — u, y = —v. 

Note that in these results as in Theorem 4.1, Theorem 4.3, Corollary 4.4] the 
fact that f(x,y) is defined on the hole plane R 2 is inessential. The following result 
can be proved analogously with several formal changes. 

Theorem 3.5. Let P = {(x,y) E R 2 : a < x < b, c < y < d}, f : P ->• R 

be a function such that f" x (p) — f y ' y (p) f or every p E P, and either the function 
g = f' x — f'y, or the function h = f' x + f' y is continuous on P. Then there exist 
continuously differentiable functions ip : (a, b) — > R and ip : (c, d) — > R such that 
f{x, y) = <£{x -y) + ip{x + y) for every (x, y) E P. 

4. Properties of partial derivatives of separately twice 
differentiable functions 

In this section we establish some properties of partial derivatives of separately 
twice differentiable functions. The same property of separately differentiable func- 
tions and separately pointwise Lipschitz functions was obtained in [5J [7] . 

Theorem 4.1. Let X = Y = R and f : X x Y — > S. be a function which is twice 
differentiable with respect to the first variable x and continuous with respect to the 
second variable y. Then for every nonempty set £CIxF the restriction f' x \E of 
the partial derivative f x on E has a nowhere dense discontinuity points set. 

Proof. It is sufficient to consider the case of closed set E. 

Let G be a nonempty open subset of E. We should find a nonempty open subset 
W EG such that the restriction f x \w is continuous. 
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Note that according to Proposition ^. 4l and Proposition ^. 6l thc function g(x, y) = 
X\ (1, fy){x) is a strictly positive jointly upper semicontinuous function. In partic- 
ular, the restriction g\s is a strictly positive jointly upper semicontinuous function 
on a Baire space E. Therefore there exist 5 > and a nonempty open subset 
W C G such that g(x, y) > 8 for every (a;, y) € W. 

Let us show that f' x \E is continuous at every point (xo>2/o) S W. Fix an e > 0. 
According to Baire theorem p] the separately continuous function / has a dense 
Gs-set of joint continuity points on the set {(x,yo) : x € X}. Therefore there exists 
< s < minje, 5} such that / is jointly continuous at the points (xo + s,yo) and 
(xq — s, y ). Choose < 7 < | such that 

f{x + s,y ) - f(x - s,y ) f(x 2 ,y) - f(xi,y) 



2s 



<e (4) 

X 2 ~ X\ 

for every X\,x-i G X and j/eY" with |xi — (x — s)| < 7, |x2 — (xo + s) < 7 and 

\y - yo\ < 7- 

Let (x',y') € W with x' — xo| < 7 and y' — z/o < 7- Since s < 5 and 
(xo, yo), (x', y') s W, according to the choice of (5 and W we have s < A^ (1, f Vo )(xo) 

f2) ' I - ~ "53" 

s < A^ (l,f v )(x'). Therefore the Proposition 12.51 implies 
/(x + s, yo) - f(xo 



s, yo) 



and 



2s 



f( x ' + s,y')-f(x'- S) y') 



fx(xo,yo) 



< 2s 



2s 



f'x{x\y') 



< 2s. 



(5) 



(0) 



But |(x' - s) - (x -s)\ = \(x' + s) - (x + s)\ = \i 
Therefore according to (4) we have 

/(x + s, y ) - f(x - s, y ) f(x' + s, y') - f(x' 



x \ < 7 and W - J/0 1 < 7- 
(7) 



s,y 



< e. 



2s 2s 

Taking to account (5), (6) and (7) we obtain 

\f x (x ,yo)-f x (x',y')\<e + 4s<5e 

for every (x', y') £ W with |x' — Xq| < 7 and \y' — y \ < 7. Thus f'J\E is continuous 
at (x ,y ). 



□ 



5. Auxiliary propositions 

Lemma 5.1. Let f : R 2 — > R be a separately differentiable function, ip : (a, b) — > R, 
ip : (c, d) — > R &e continuously differentiable functions such that f(x,y) = <p(x — 
y) + t/>(x + y) for a < x — y < b and c < x + y < d. Then there exists a continuously 
differentiable extension ip : [c, d] —> R of ip such that /(x, y) = ip(x — y) + ip(x + y), 
fL( x >y) = f'(x-y)+tp'{x+y) andf' y (x,y) = -(p'(x-y)+tjj'(x+y) for a < x-y < b 
and c < x + y < d. 



Proof. Let Xo, yo £ R such that a < xq — yo < b and xo + yo = d. Then /(xo, yo) 
lim /(x, y ) = lim (</?(x - y ) + ip(x + y Q )) = ip(x - yo 

x^rXQ—0 X—tXQ—0 



lim ib(t). Thus 
t->d-0 



there exists V'(d) = lim Analogously there exists ip(c) 



lim ip(t). The 

i-s-c+0 



extension i/j : [c, d] — > R of tp is continuous and /(x, y) — tp(x — y) + ip(x + y) for 
a < x — y < b and c < x + y < d. 



10 



T. BANAKH, V. MYKHAYLYUK 



Show that ip is continuously diffcrcntiable at c and d. Let xo,yo G R such that 



Thus ip is differentiate at d and f' x (xo,yo) = (p'(x — y ) + ip'(d). The continuity 
of f' x with respect to x implies the continuity of ip' at d. 

The continuity of ip' at c and the equalities /^(x, y) = ip'(x — y) + ip'(x + y) and 
fy(x,y) = —ip'(x — y) + ip'(x + y) at the corresponding points (x,y) can be obtained 



Lemma 5.2. Let r : (a, b) — > R fee a function such that r(w) > mm{r(u),r(v)} 

for a<u<w<v<b. Then there exists c G [a, b] such that r increases on the 

segment (a, c) and decreases on the segment (c, b). Besides the set A = {(u, v) : u G 

(a, b), v < r(u)} is open if and only if r(u) < lim r(t) for every u G (a, 6). 

t— >«±o 

Proof. Let a < u\ < v\ < b such that r{u\) < r(v\). Show that r increases on 
the segment (a, Mi]. Suppose that a < u 2 < v 2 < u\ such that r(w 2 ) > r(v2)- Put 
u = U2, v = V\ and chose w G {ui,v 2 } such that r(w) = min{r(ui), r(v 2 )}- Now 
we have r(w) < min{r(u), r(v)}, which is impossible. 

Now denote by c the supremum of set of all u G (a, b) such that r increases on 
the segment (a, u]. If this set is empty then c = a. It is clearly that r increases on 
(a, c). According to the chose of c, the function r decreases on (c, b). 

Prove the second part of Lemma. Fix u G (a, b) and suppose that r(u) > 

lim r(t). Put f = h(r(u) + lim r(i)). Then (u,v) G A, but A is not a neigh- 

t^w— o t— — o 

borhood of (u,v). Thus ^4 is not open. 

Now let v < r(u), i.e. (u,v) G A. It follows from lim r(t) > v that A is a 

neighborhood of (u, v). □ 

Note that for increasing function r the above-mentioned condition means the 
left-continuity of r and for decreasing function r it means the right-continuity of r. 

Lemma 5.3. Let r : (a, b) — > R be a strictly increasing left- continuous function. 
Then there exist w G (a, 6) and a strictly monotone sequence (u n )^ =1 of points 
of the interval (a, b) that converges to u and satisfies the inequality u n — u < 
r(u„) — r(u ) for every n G N. 

Proof. Suppose that it is impossible to choose such u G (a, b) and (u n )^ =1 . This 
means that for every u G (a, b) there exists 6 U > such that r(t) < t — u + r(u) 
for every t G (u — 5 U , u + S u ) Q (a, 6), t ^ u. Then r(u) < lim r(t) < lim (t — 

u + r(u)) = r(u). Hence r is a right-continuous function at every point u G (a, 6). 
Thus r is a continuous function. 

Fix m G (a, b). Put u 2 — u\ + 2^«i ■ According to the choice of 8 Ul we have 
r{u 2 ) < u 2 — Mi + r(ui). Consider the set A = {t G [ui, 6) : r(t) = t — u 2 + r{u 2 )}. 
Note that A is a closed set, u\ $ A and u 2 G A. Then M3 = inf A G A and 
ui < Us < u 2 . The continuity of r implies that r(t) > t — u 2 + r(u 2 ) = t — uz + r(uz) 
for all t G [ui,us). But it contradicts to the choice of S U3 . □ 

Lemma 5.4. Let r : (a,b) — > (vo,+oo) be a strictly monotone function such that 
for the numbers V\ — inf r(u), v 2 = sup r{u) and a number v n < V\ the the 

«e(o,6) u€(o,6) 

sef A = :a<w<fe, v n < v < r(u)} is open. Assume that f : M 2 — > R 



a < x - y < b and x + yo = d. Then f x (x , yo) = v'(xo - Uo) + hm 

t—xl— 




analogously. 



□ 
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is a function such that for every rectangle P — (a, (3) x (c, d) C A there exist 
continuously differentiable functions ipp : (a,/3) — > R and ipp : (c, d) — » R such 
that f(u,v) = ipp(u) + ipp(v) for every (u,v) £ P. Then there exist continuously 
differentiable functions p : (a, b) — > R and ip : (vo,V 2 ) — > R such that f(u,v) — 
p(u) + ip( v ) f or a M ( u j v ) £ A. 

Proof. Put Po = {a,b) x (vq,vi) and 93 = pp . We shall show that for every 
rectangle P = (a, j3) x (c, d) C A the function y>p — p is constant on (a, /?). 

Firstly consider the case of P — (a, (3) x (v ,ui). We have <p(u) + tpp (v) = 
pp(u) + ipp(v), i.e. <y3(w) — pp{u) — ipp(v) — ipp a (v) for (u,v) £ P. Therefore the 
functions (pp — ^ and ipp — tpp are constant on (a,/3) and («o,wi) respectively. 

Now let P = (a, 0) x (c, d), Pi = (a, /3) x {vq, d) and P2 = (a, (3) x (w , ui)- Then, 
using analogous arguments, we obtain that the functions ipp — <pp 1 , ipp 1 — tpp 2 and 
(pp 2 — ip are constant on (a, j3). Therefore the function pp — ip is constant on (a, f3). 

Without loss of generality we can suppose that ipp — ip = for every rectangle 
P = (a,f3) x (c,d) C A. Now by the similar arguments we obtain that ipp 1 (v) = 
t/)p 2 (w) for every rectangles Pi = (ai,/Ji) x (ci,di), P 2 = (a 2 ,/?2) x {c 2 ,d 2 ) C A 
and w € (ci,di) PI (02,(^2)- F° r every v S (fo,w 2 ) choose u £ (a, 6) such that 
€ A Choose any open neighborhood P = (a,/3) x (c, d) C A of (u,v) and 
put i/'l 1 ') — 4>p{v)- Q 

The following property of solutions of the equation (3) plays an important role 
in the proof of the main result. 

Theorem 5.5. Let f : R 2 — > R be a separately twice differentiable function such 
that f'JJp) = fi> y (p) for every p el 2 , g = f x - f y ,W = {{x, y) £ R 2 : a < x - y < 
b, c < x + y < d} be a rectangle and I be a non-empty open subset of g{W) C R such 
that g is continuous at every point of the set E = g _1 (J) n W . Then there exists 
a nonempty open segment (ao,6o) Q (o,,b) such that {(x,y) £ R 2 : oq < x — y < 
bo, c < x + y < d} C E. 

Proof. Since I is open in g(W) and g is continuous at every point of the set E, the 
set E is open in W. 

Put u — x — y and v = x + y. Fix (xo,yo) £ E. Since E is open in W, there 
exists a nonempty closed segment [a\ 1 b\] C (a, b) such that B = {(x, y) : a\ < u < 
bi, v = v =x + y } C E. 

We shall show that there exists a nonempty open segment (a2,6 2 ) C (ai,b\) 
such that {(x,y) : a 2 < u < b 2 , v < v < d} C E. Since E is open in W, 
it is sufficient to prove that there exists w £ {a\,b\) such that the compact set 
{{x, y) : u = w, Vq < v < d} is contained in E. 

Assume the contrary, i.e. {(x, y) : u = w, vq < v < d} % E for every w £ (ai, 61). 
For arbitrary w £ (ai,6i) and t £ (t>o,d] put J^.t = {(a;, y) : u = w, vq < v < t}. 
For every u £ (ai, b\) denote by r(u) the supremum of the set of all v £ (vq, d] such 
that g is continuous on J u _ v . Since £ is a neighborhood of compact set B in W 
and g is continuous at every point p £ E, the function r : (01, 61) — > R is correctly 
defined and there exists i?i £ (uo, d] such that r{u) > v\ for every u £ (01, 61). 

Let us show that r satisfies the conditions of Lemma IST^l on the segment (ai, 61). 
Suppose the contrary, i.e. there exist a\ < u\ < u 2 < U3 < b\ such that r{u 2 ) < 
min{7'(ui), riu^)}. Put di = inf r(u). Note that vq < v± < d\ < r{u 2 ). Since 

u6(«i,u 3 ) 

g is continuous on each set J u ^i for u £ (1/1,1*3), according to Theorem 13.21 and 
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Propositiori l3.3l a is a constant on J u ,df Since B C E and J u ,di flB^0, J,^ C E 
for every u £ (111,113). Therefore g is continuous at every point of the rectangle 
P= [J J Uidl = {(x, y) : m < x - y < u 3 , v Q < x + y < di}. 

uS(tii ,113) 

According to Theorem 13.51 there exist continuously differentiable functions tp : 
(111,113) — > M and tp : (v ,di) K such that f(x,y) = (p(x — y) + ip(x + y) 
for every (x, y) G P. It follows from Lemma 15.11 that g(x,y) — 2ip'(x — y) for 
x + y = di and x — y G (1x1,1x3). Thus g is constant on every segment J w — 
{(x,y) : u = w,vq < v < di} for w G (141,143). On the other hand, since r(ui) > 
f(u2) > di and r(us) > r(u2) > di, g is continuous on J Ul and J U3 . Thus g 
is constant on J Ul and J„ 3 . Analogously as for the rectangle P we obtain that 
Pi = {(x, y) : 111 < u < 113, vo < v < di} C E. Since E is a neighborhood of the 
compact rectangle Pi in W and di < r(u 3 ) < d, there exists v 2 G (di,d) such that 
Wi = {(x,y) G M 2 : u± < u < U3, vq < v < v 2 } C E. In particular, 5 is continuous 
at every point p G Wi. Then r(u) > i>2 for every it G [ifi, 1/3]. But this contradicts 
to the choice of di . 

Thus r satisfies the conditions of Lemma 15.21 on the segment (a 1; 6i). Therefore 
there exists an open segment (03, 63) C (01, fei) such that r is monotone on (a3, 63). 

We claim that r is constant on no open segment. Assume that r(u) — do for all 
it G (a', b') C (ai, 61). Then according to Theorem l3.2l and Proposition l3.3l for every 
it G (a',b') the function g is constant on the segment J u .d and equals to the value 
of g at the point p M = (^(vq — it), ^(vo + u)). Since p u £ B C £, >Ai,do ^ f° r every 
11 G (a',b'). Thus g is continuous on the rectangle IJ J u ,d - It follows from 

u£(a' ,b') 

Theorem 13.51 and Lemma |5 . 1 1 that g(~(da — it), \(d$ + u)) = g(^(v a — u), Mvq + it)) 
for every u G (a',b r ). Therefore g is continuous at (g(<io ~ u), ^(do + u )), what 
contradicts to r(u) = do- 

Hence r is not constant on every open segment. Therefore r is a strictly monotone 
function on (03,63). Without loss of the generality we can suppose that r strictly 
increases on (03,63). Since A = {(x,y) : 03 < u < 63, vq < v < r(u)} C E, g 
is continuous at every point from open set A. Therefore according to Theorem 
13.51 the functions r : (03,63) — > M. and / : M 2 — > K, f(u,v) = f(x,y), satisfy the 
conditions of Lemma [5.4l Therefore there exist continuously differentiable functions 
ip : (03, 63) — > R and ip : (vq, v 3 ) — ¥ M, where U3 = sup r(u), such that f(x. y) — 

"£(03,63) 

tp(x — y) + ?p(x + y) for every (x, y) G A. 

Let us show that f(u,r(u)) = <p(u) + ip(r(u)) for every it G (03,63). Since 
r strictly increases, r(u) < V3, i.e. the function tp is defined at r(it). Fix any 
strictly decreasing sequence (w n )'^L 1 of points w n G (03,63) which converges to 
it. Note that w n > it. Therefore z n = —w n + u + r(u) < r(u) < r(w n ). Thus 
Pn = (|K + z n ), \(z n - w n )) = (\(u + r(u)), \(u + r(u)) - w n ) G A for every 
n G N. It follows from the continuity of / with respect to y that 

f(u,r(u))= lim /(i(u + r(u)) ,\(u + r(u)) - w n ) = 

n— >oo Z Z 



lim (ip(wn) + ifi(u + r{u) — w n )) = ip(u) + tp(r(u)). 
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Besides, for the point p = + r(u)), h{ r ( u ) ~ u )) we have 

f ip)= i im fcM = y M+ ^ (rW) . 

n-^oo u — Wn 



According to Lemma 15.31 choose uo 6 (03,63) and a convergent to u$ strictly 
monotone sequence (itn)^4 of points u n G (03, 63) such that u„ = u n ~uo + r(uo) < 
r(u n ) for n > 4. Since f(u,v) = <p{u) + ip{ v ) f° r a 3 < u < &3 and wo < v < r(u), 
f{^(v„ + u n ), \(v n - u n )) = f(u n + \{r{u Q ) - m ), \{r(u Q ) - u Q )) = f(u n ,v n ) = 
ip{u n ) + tjj{v n ). 

Put p Q = {\{r(u ) + u ), |(r(u ) - u )). We have 

fxiPa) = lim = 

yj(u n ) - ip(u Q ) + ip(u n - u + r(u Q )) - ip(r(u )) , , 
= hm = tp [uoj +ip {r{u )). 

Thus g(po) — fx(Po) — fy(Po) — 2<p'( u o)- Hence g is constant on the set {(x, y) : 
u = uq, vq < v < r(uo)} C E. Since r(uo) < d and E is open in W, there exists 
v G (r(uo),d) such that {(x,y) : u — uq, vo < v < v} C E. But this contradicts the 
choice of r(uo). 

Thus there exists a nonempty open segment (02, 62) Q (a±, b\) such that {{x, y) : 
a 2 < u < hi-, vo < v < d} C E. Using analogous arguments we obtain that there 
exists a nonempty open segment (ao,&o) ^ (02,^2) such that {(x, y) : clq < u < 
b , c < v < vo} C E. □ 

For a real- valued function / : X — > R defined on a topological space (X, r) and 
a point xq G X let 

w/(a;o) = ini{ujf(U) : xo 6 £/ € t} 
be the oscillation of f at xo, where 

= diam/(t/) = sup \f(x')-f(x")\ 

x' ,x"&U 

is the oscillation of / on a subset U C X. 

Corollary 5.6. Let f : M 2 — > R be a separately twice differentiable function such 
that fxxip) — fyy(p) f or svery p G R 2 , D be the set of discontinuity points of the 
function g = f' x — f' y and W — {(x,y) G R 2 : a < x — y < b, c < x + y < d} 
be a rectangle such that the restriction g\onw * s continuous. Then the projection 
ir(D n W), where ir : K 2 — >• M, ir{x,y) = x — y, is a meager subset o/R. 

Proof. For every n G N put D„ = {p e D n W : uj g (p) > i}. Note that it is 
sufficient to prove that all sets ir(D n ) are meager. 

Fix n € N. For every p G D n , use the continuity of the restriction g\onw to 
choose a neighborhood W p = {(x, y) G R 2 : a p < x — y < b p , c p < x + y < d p } of p 
such that W P <ZW and uj g (D n W p ) < ±. Put W p = {(x, y) G R 2 : a p < x - y < 

b p , c p < x + y < dp} and show that the set A p = Tr(D n D W p ) is nowhere dense. 

Suppose that the set A p is dense on a closed segment [a,f3] C (a p ,b p ). Put 
W' = {{x,y) e R 2 : a < x - y < (3, c p < x + y < d p }, I = K \ 5 (L> n VU P ) 
and pick any point g G D n n {(x,y) GM 2 :a<x — y < f3, c p < x + y < d p }. 
Since diam( 5 (£) n W^)) < ^ and diam(g(VF')) = u g {W) > uj g {q) > \, the set 
E = g- 1 (I)nW is nonempty. Besides, En D C g _1 (I) n VF P nD = 0. Therefore 3 
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is continuous at every point from E. Thus the function g satisfies the conditions of 
Theorem [S3] on the rectangle W. Therefore there exists a nonempty open segment 
(ao, Po) £ (a, /?) such that {(a;, y) G R 2 : cto < % — V < 00, c p < x + y < d p } C E. 
It implies A p n (ao,/?o) = 0, what contradicts to the density of A p on [a, j3]. 

Hence all the sets A p are nowhere dense. Using the er-compactness of D n (see 
[4] for definition) choose a sequence (p m )m=i 01 points Pm S Z?„ such that Z?„ C 

oo oo 

U Wpm' Then n(D n ) C [J A Pm and ir(D n ) is a meager set. □ 

m—l m— 1 

Remark 5.7. XTie analogous result for the functions h = f' x -\-f' y and 7r(x, y) = x+y 
is valid too. 

The following statement will be used in the final stage of our reasoning. 

Theorem 5.8. A continuous function a : R — ?> R is differentiable if for every y 6 R 
f/ie function /3 y (x) = a(x) ~ a{x + y) is differentiable. 

Proof. Assume that the function a is not differentiable but for every y the function 
j3 y is differentiable. 

Claim 1. The function a is nowhere differentiable. 

Proof. Assume that a is differentiable at some point xq. Then for every y G R 
the function a y (x) = a(x) — (3 y (x) — a(x + y) is differentiable at Xq. Hence a is 
differentiable at xq + y for every y G R. □ 

For every neff put 

A„ = {a; G R : Vx' G (i, a; + |a(a;) - a(a/)| < n|a: - 

Claim 2. For every n G N t/ie set A„ is closed and nowhere dense in R. 

Proof. The continuity of a implies the closedness of every A n . Now assume that A n 
contains some interval (a, 6). Then a is Lipschitz on (a, o) and hence is differentiable 
at some point, which is forbidden by Claim [T] □ 

Claim [5] implies: 

Claim 3. The union Aoo — U^Li A n is of the first Baire category in R. 
For every n G N put 

B n = {{x,y) GR 2 : W G (x,x + ±) \[3 v (x) - [3 y (x')\ <n|x-a;'|}. 
Since the function f(x,y) = P y (x) is jointly continuous, every set B n is closed. 

oo 

Since the function j3 y is differentiable for each y, we conclude that R 2 = (J B n 

and by the Baire Theorem, for some no G N the set B„ has non-empty interior 
and hence contains some rectangle (a, b) x (c, d). 

Since the set Aoo = {J^ =1 A n is of the first Baire category, there is a point xq G 
(a, b) \ Aoo ■ Now consider the function a restricted to the interval (xo + c, xq + d) . 

Since the function a is nowhere differentiable, it is not monotone on (xo + c, xo + 
d). Consequently, for the continuous function a there exists zq G R such that the 
set C = {x G (xo + c, XQ + d) : a(x) — zq} contains at least two points. Since a is not 
constant on every interval, there exist u, v G C such that u < v and (u 1 v)(~\C = 0. 
It follows from the continuity of a that a(t) > zq for all t G (u, v) or a(t) < zq for 
all t G (u, v). Put e = v — u. 
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Claim 4. For every 5 G (0,e) there is a point t G (u, v— S) such that a(t) = a(t+S). 

Proof. It is sufficient to use the Mean Value Theorem for the function g : [u, v — S] — > 
R, g{x) — a(x) - a(x + 5). □ 



Choose m > no so large that ^ < min{6 — xo,e}. Since xq £ A m , there is a 
point x\ G (so, xo + ^) such that |a(xo) — a(xi) > m|xo — xi |. For 5 = xi — xo by 
Claim SI there is a point t G («, i> — <5) such that = a(t + (5). Let y = t — x 
and observe that yo G (u — xq, v — xq) C (c, d). Then (xo, yo) G (a, b) x (c, d) C B no . 
On the other hand, 

\Pvo( x o) ~ Py i x i)\ = ^(^o) - a(x + j/q) - a(xi) + a{x\ +yo)| = 
= |a(xo) — a(t) — a{x\) + a(t + 5)\ = \a(xo) ~ Qt(%i)\ > m\xo —Xx\> no\xo — x%\ 
which contradicts to (xo,yo) G B no . □ 

6. Main result 

In this section we prove the main result of the paper. We first prove the following 
auxiliary facts. 

Proposition 6.1. Let X be a second countable topological space, Y be a Baire 
space and GCW^XxYbe open sets such that W C G. Then there exists a 
dense Gs-set B C Y such that for every y G B the set G y = {x G X : (x, y) G G} 
is dense in W y = {x G X : (x,y) G W}. 

Prof. Put G = ((X xY)\ W) U G and fix a base (U n )^ =1 of topology of X. 
Since G is dense in W, the set Go is dense in X x Y. For every n G N denote by 
B n the set of all y G Y such that there exist a neighborhood V of y in Y and an 
open in X nonempty set U C [/„ such that [7 x T/ C Go. Clearly, all the sets B n 

oo 

are open. Since Go is dense in X x Y, B n is dense in Y. Thus B = f] B n is a 

n=l 

dense in V Ga-set such that for every y G B the set (x, y) G Go} is dense 

in X. Therefore for every y G -B the set Gj, is dense in W y . □ 

Proposition 6.2. Let W — {(x,y) gK 2 :a<x — y < b, c < x + y < d}, 

f : W — >• R, /or every p d W there exist the partial derivatives f' x (p) and f' y (p) 
which are continuous with respect to x and y respectively and G be a dense open 
subset in W such that f' x (p) = f' y {p) = for every p G G. Then f is constant. 

Proof. Using Proposition O choose sets iC (^,^) and B C (^,^) such 
that A and B are dense in (^^, ^4p) and ^j^), respectively, for every x G A 

the set G x = {y G R : (x, y) G G} is dense in r = {y G R : (x, y) G and for 
every y £ B the set G y = {x G R : (x, y) G G} is dense in W y = {x G R : (x, y) G 
W}. 

Fix any yeB. Since is continuous on W y x {y} and /^(p) = for every 
p G G y x {y}, = on W 7 ^ x {y}. Thus for every y G B the function / is constant 
on W y x {y}. 

Analogously for every x G A the function / is a constant on {x} x W x . Since 
A and B are dense in ( , ^±2 ) anc [ ( ; £b± ) respectively, the function / is a 
constant on the set ( (J ({x} x M /:r ))lJ( Q (Wy x {y})). The continuity of / with 

xGA y£B 

respect to each variable implies that / is constant on W. □ 
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Theorem 6.3. Let f : R 2 — > R be a separately twice differentiable function such 
that f xx (p) = fy y (p) for every p £ M 2 . Then there exist twice differentiable func- 
tions ip : R — > R and ip : R — > R such that f(x, y) = (p(x — y) + ip(x + y) for every 

i,t/eR. 

Proof. Firstly we prove that there exist continuously differentiable functions if : 
R — > R and tp : R — >• R such that f(x, y) — tp(x — y) + ip(x + y) for every 

The cases of continuous function g = f' x — f' y and continuous function h = f x + f y 
are considered in Theorem 13.51 

Let U = V = R,U3u = x-y and y 3 « = i + i/fon e X = 1 and y eY = R, 
7r u : f/ x V — > U, n u (u,v) = u, 7t v : U x V — > V, ir v (u,v) = v, and the function 
f,g,h:UxV—>M. are defined by equalities: f(u,v) — f(x,y), g(u,v) = g{x,y) 
h(u,v) = h(x,y). Assume that g and h are discontinuous, i.e. the sets Di and D 2 
of points of discontinuity of g and h are nonempty. 

We claim that there exist nonempty open segments (ai,&i) C U and (ci,di) C 
V and dense subsets A C (ai,b\) and B C (ci,di) which satisfy the following 
conditions: 

(a) DDWi^Q, where = (a x ,6i) x (ci,di) and D = D x U £> 2 ; 

(6) for every !i£i the function g is constant on {u} x (c\,d\); 

(c) for every v <E B the function ft is constant on (<zi,&i) x {v}. 

It follows from Theorem 14.11 that the restriction g\]j 1 has nowhere dense dis- 
continuity points set. Since D\ ^ 0, there exists an open in U x V set W\ = 
(ai,&i) x (£i,di) such that D\ n Wi 7^ and the function is continuous at 
every point p £ DiflWi. According to Corollary 15.61 the set ir u [D\ n W\) is a 
meager set. 

Note that -D2 H W\ ^ 0. Indeed, if h is continuous on VFi, then according to 
Theorem 13.51 the function g is continuous on W\ . 

Analogously using Remark ISTFl we find a rectangle W\ = (01, 61) x (ci, d\) C 
such that D 2 n 7^ and the set ir v (D 2 H I^i) is meager. Clearly, W^i satisfies 
(a). Put A = (ai,6i)\7r u (£)inW / i) and B = (a, di) \tt v (D 2 H Wi). The conditions 
(6) and (c) follow from Theorem 13.21 and Proposition 13.31 

Note that according to Theorem l3.51 the condition (a) is equivalent to D\ n W\ 7^ 
and £> 2 n W^i ^ 0. Pick any p £ D t fl Since W x C the function 

<?|di is continuous at p. Therefore there exists a neighborhood W 2 = [02,62] x 
[c 2 , d 2 ] C Wi of p such that w^^H-Di) < ^Wg(p). Reasoning analogously as in the 
proof of Corollary 15.61 according to Theorem 15.51 find an open nonempty segment 
(a'2,6'2) 5= (02,62) and continuously differentiable functions ifi : {a' 2l b' 2 ) — > R and 
t/> : (02,^2) — ► R such that f(u,v) = ipi(u) + , ip(v) 1 in particular, h(u,v) = 2ip'(v) for 
every u £ [p! 2l b' 2 ) and f £ (£2,(^2)- According to (c) we have that h(u,v) — 2ip'(v) 
for every u £ (01, 61) and v £ B C\ (c 2 , d 2 ). 

Analogously we find an open neighborhood W 2 = (a 2 ,b 2 ) x (c 2 ,d 2 ) C W 2 of 
some point q £ D 2 and continuously differentiable function ip : (a 2 ,b 2 ) — > R such 
that g(u 7 v) = 2ip' (u) for every u £ A n (0.2, 62) and v £ (ci, di). 

Consider the function /o : W 2 — > R, fo(u,v) = <p[u) + ip(v). According to 
Theorem 14.11 choose an open dense in W 2 set G C W2 such that the functions 
g and ft. are continuous at every point from G. Pick a family [P s : s € S) of 
rectangles P s = (a s ,b s ) x (c s ,d s ) C U x V such that G = 1J P s . It follows from 

sGS 

Theorem 13.51 that for every s £ S there exist continuously differentiable functions 
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ip s : (a s ,b s ) — > R and tp s ■ (c s ,d s ) — > R such that f(u,v) = ip s (u) + ips(v) for 
every (u,v) £ P s . Taking into account that (a s ,b s ) C (02,62) C (ai,6i) and 
(c s ,d s ) C (£2,(^2) C (ci,di) we obtain that (/Jg(it) = </?'( M ) f° r every u £ An (a s ,b s ) 
and ^(k) = ^'{v) f° r every ueBfl (c s ,e? s ). Since the functions <p' s , ip' s , ip' and ip' 
are continuous and the sets A and B are dense in (a s , b s ) and (c s , d s ) respectively, 
the functions tp s — ip and ip s — ip are constant on (a s ,b s ) and (c s ,d s ) respectively. 
Thus the function / — /q is constant on every rectangle P s . 

Now for the function 7 : Z — > R, 7(2;, y) = /(a;, y) — tp(x — y) — ip(x + y), defined 
on the set Z = {(x,y) e X x Y : (u,v) £ W 2 }, we have j' x (p) = j' y (p) — for 
every p = (x,y) such that (u,v) £ G. Therefore according to Proposition 16.21 the 
function 7 is constant. This implies that ft, is a constant on W2. But it contradicts 
to q S D 2 n W 2 . 

Thus f(x,y) = tp(x — y) + ip(x + y) for some continuously differentiable functions 
ip and i/;. It remains to prove that ip and ip are twice differentiable. 

Put a(x) = p'{x) and (3(x) — ip'(x). Note that f' x (x,y) — a(x — y) + f3(x + y). 
Since / is twice differentiable with respect to x, for every a £ R the function 
7 a (x) — a(x) + j3(x + a) is differentiable. Therefore for every a 6 R the function 
Oa(x) = a(x) — a(x + a) = j a {x) — ~fo( x + a ) is differentiable. Hence according to 
Theorem 15.81 the function a is differentiable. The differentiability of the function 
fi can be proved by analogy. □ 
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